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126 CHAPTER 2

Shapes in Our Lives

numbers, and so on. There is another formula that gener-
ates the values of the Fibonacci numbers and does not de-
pend on knowing the value of any other Fibonacci num-
ber. It is called Binet's formula, and it is written explicitly
in terms of #, where £, is the nth Fibonacci number.

-5

11. a. By letting n = 1,2, 3, and 4, verify that Binet’s
formula generates the first four numbers in the
Fibonacci sequence, namely 1, 1, 2, and 3. Use
your calculator. Do not use rounded numbers
while performing the calculations. Let your cal-
culator keep all possible digits.

b. Use Binet’s formula to find the value of the 40th
Fibonacci number. Use your calculator, and do
not use rounded numbers while performing the
calculations. Let your calculator keep all possible
digits.

12. a. Verify that the values of the 6th, 7th, 8th, and 9th
Fibonacci numbers are 8, 13, 21, and 34, respec-
tively, by using Binet’s formula. Use your calcu-
lator. Do not use rounded numbers while per-
forming the calculations. Let your calculator
keep all possible digits.

Use Binet’s formula to find the value of the 44th
Fibonacei number. Use your calculator. Do not
use rounded numbers while performing the cal-
culations. Let your calculator keep all possible
digits.

&

13. The seeds of a sunflower spiral out in two direc-
tions. A portion of each spiral in one direction is
highlighted in green. A portion of each spiral in the
other direction is highlighted in red. Count the spi-
rals in each direction on the sunfiower. Which Fi-
bonacci numbers are represented by the spirals on
this sunflower?

pi/finwy.goldernumber.net.

Image courtesy of
Gary B, Meisner. © 2005.

14. Take a careful look at the center of a cauliflower
and notice how the florets spiral. Each spiral begins
in the center and moves outward. Some florets spi-
ral clockwise, and some spiral counterclockwise.
Fibonacci numbers show up in the spirals of the
cauliffower.

www.mes.surrey.ac.uk/Personal/R.Knat/Fibona cciffibnat htmbfveg

a. How many spirals extend from the centerin a
clockwise curve? Is it a Fibonacci number?

b. How many spirals extend from the center in a
counterclockwise curve? Is it a Fibonacci
number? '

15. In his book 536 Puzzles and Curious Problems,
Henry Dudeney posed a problem involving cows
and reproduction. Suppose a cow produces its first
fernale calf at the age of 2 years and then produces
another single female calf every year. Suppose we
begin with one female calf in its first year. Assume
none die.

a. What is the total number of cows and calves for
each of the first 10 years? .

b. How many adult cows are there in each of the
first 10 years?

¢. How many calves are there in each of the first 10
years?

d. Use your observations to predict the number

of cows and calves in each of the years 11
through 15,

r
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128 »* CHAPTER 2 Shapes in Our Lives

21. a. Given that the first two numbers in the random
Fibonacei sequence are ¥, = 1and V; = 1,
find the next 8 numbers in the sequence if coin
tosses result in the aliernating pattern
HTHTHTHT.

b. What sequence results if the coin always comes
up heads? -

22. a. Given that the first two numbers in the random
Fibonacci sequence are ¥; = 1 and F; = 1,
find the nex¢ 8 numbers in the sequence if coin
tosses result in the alternating pattern
THTHTHTH.

h. What sequence results if the coin always comes
up tails?

23. The first nine numbers in a random Fibonacci
sequence are 1, 1,0, 1, 1,0, 1, 1, 0. What pattern
of heads and tails generated the 3rd through %th
numbers in the sequence?

24. The first 12 pumbers in a random Fibonacci
sequenceare 1,1,2,3,-1,2,1,1,2,3, - 1,2,
What pattern of heads and tails generated the 3rd
through 12th. numbers in the sequence?

Problems 25 and 26

The quadratic formula gives the solutions for a quadratic
equation of the form ax* + bx + ¢ = 0. Solutions to
this equation are given by the following formula:
—b=VF — dac

2a

x =

25. Pell numbers are generated by the recursion rule
P, =2P,_,+ P, ;where P, = land P, = 2.
a. Find the first 12 Pell numbers.

b. Find the ratios of consecutive pairs of Pell
numbers from part (a); that is, calculate
P, P; P P
—2, -—3, —4, Cees “12 What do you notice about
Pl P2 P3 P]l
the ratios?

¢. Use the quadratic formula to find solutions to the
quadratic equation x* — 2x — 1 = 0 and compare
your answers to the quotients from part (b). What
do you notice?

26. Consider the sequence generated by the recursion rule
G,=2G, 1 +2G,_5, where G, = land G, = 2.
a. Find the first 12 numbers in this sequence.

b. Find the ratios of consecutive pairs of numbers in
the sequence from part {a); that is, calculate
G G G Ga
Gy Gy G Gy
the ratios?

. What do you notice about

¢. Use the quadratic formula to find solutions to the
quadratic equation x* — 2x — 2 = 0 and compare
your answers to the ratios you found in part (b).
What do you notice?

27. Pascal’s triangle, shown next, is a triangular array of
numbers in which each entry other than a [ is ob-
tained by adding the two entries in the row immedi-
ately above it. For example, the first 3 in tow 4 of
the triangle is found by adding 1 + 2 = 3.

1
11
121
1331

14641
ssssee

Find the sums of the numbers on the diagonals in
Pascal’s triangle as shown next. Do you see a pat-
tern? Explain. : i

28. Predict the sums along the next four diagonals in
the previous problem. Check your answer by adding
new rows 1o Pascal’s triangle and adding the entries
along the diagonals.
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