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CHAPTER 4  Fair Division

4. Monty and Albert place a divider in their shared
bedroom.

Monty thinks that dividing the room in half is fair,
: and he does not care which half he gets. Albert

would prefer a window on his half of the room.
Using the divide-and-choose method for two play-

&

C.

ers, consider three possible divisions Monty could
make in the room

j

|

|

t

]

I
(D [Window:
(110

I\

I\\

a. Visually inspect the two halves in (I), and explain

which half Albert would select and why. You
need not assign numerical values to the pieces.
Visually inspect the two halves in (I1), explain
which half Albert would select and why. You
need not assign numerical values to the pieces.
Visually inspect the two halves in (I1I), explain
which half Albert would select and why. You
need not assign numerical values to the pieces.
Suppose in division (I), Albert selects the left
half, leaving the right half for Monty. How
would each judge the fairness of the portion they
received compared to the value of the entire
room?

Problems 5 and ¢

You purchase a cheese wheel at the grocery store for
$15. The cheese wheel is made up of 32 ounces of
cheddar and 32 ounces of Monterey jack, as shown.

Cheddar  Monterey

Entire Cheese

Jack

5. Suppose you like cheddar cheese twice as much as
Monterey jack cheese.

a.

b.

Il
H

€.

-,

Determine your cheddar cheese to Monterey jack -
cheese preference ratio.

What fraction of the cheese wheel is the cheddar
cheese? ‘

Based on your cheese preference, what fraction
of the value of the whole cheese wheel is the
value of the cheddar cheese? Recall that one
complete revolution is 360°.

. If you cut off a wedge containing 20 ounces of

cheddar cheese, what dollar value would you
place on the wedge?

What dollar value would you place on wedges
I and 1117

Suppose you like cheddar cheese six times as much

as Monterey jack cheese.

a.

b.

Determine your cheddar cheese to Monterey jack
cheese preference ratio.

What fraction of the cheese wheel is the Mon~
terey jack cheese?

¢. Based on your cheese preference, what fraction

d.

of the value of the cheese wheel is the value of
the Monterey jack cheese?

If you cut off a wedge containing 25 ounces of
Monterey jack cheese, what dollar value would
vou place on the wedge?

e. What dollar value would you place on wedges

T and IV?
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226 7~ CHAPTER 4

Fair Division

Problems 11 through 18

A bakery frosted an 8-inch-by-8-inch square cake on one
side with vanilla frosting and on the other side with
chocolate frosting, as shown next. Brian prefers vanilla
frosting over chocolate in a 5-to-1 ratio. J ody likes
chocolate slightly more than vanilla, for a vanilla-to-
chocolate ratio of 4 to 5. Kurt will eat only chocolate
frosting, and Francis will eat only vanilla frosting. Con-
sider the following cake and the cake portions shown.

Entire Cake

| I

Cake with half of Cake with half of
the vanilla frosted  the chocolate frosted

side removed. side removed.

I v

Cake with half of  Cake with one-fourth
chocolate frosted  of the chocolate frosted
side and half of side and two-thirds of
vanilla frosted side the vanilla frosted
removed - gide removed.

11. Suppose Brian bought the entire cake for $9.00.
a. What monetary value does he place on the
vanilla half of the entire cake?
b. What monetary value does he place on the
chocolate half of the entire cake?

‘c. What monetary vatue does Brian place on cake
portions I, II, 1L, and TV?

12.

13.

14.

15.

16.

17.

18,

Suppose Jody bought the entire cake for $9.00.
a. What monetary value does she place on the
vanilla half of the entire cake?

b. What monetary value does she place on the
chocolate half of the entire cake?

¢. What monetary value does Jody place on cake
portions I, I3, III, and v?

Suppose Kurt bought the entire cake for $9.00.

a. What monetary value does he place on the
vanilla half of the entire cake?

b. What monetary value does he place gn ihe
chocolate half of the entire cake?

¢. What monetary value does Kurt place on cake
portions T, IL; II1, and IV?

Suppose Francis bought the entire cake for $9.00.

a. What monetary value does she place on the
vanilla half of the entire cake?

b. What monetary value does she place on the
chocolate half of the entire cake?

¢. What monetary value does Francis place on cake
portions 1, I1, 111, and TV? )

Consider your results from problem 11. For each
part below, describe a new portion of cake contain-
ing both chocolate and vanilla, to which Brian
would assign the given dollar amount.

a. $3.50 b. $2.50 ¢c. $6.75

Consider your resnlts from problem 12. For each of
the following, describe a new portion of cake con-
taining both chocolate and vanilla to which Jody
would assign the given dollar amount.

a. $3.50 b. $2.50 c. §6.75

Consider your results from problem 13. For each of
the following, describe a new portion of cake con-
taining both chocolate and vanilla, to which Kurt
would assign the given dellar amount.

a. $3.50 b. $2.50 e $6.75

Consider your results from Problem 14. For each of
the following, describe a new portion of cake con-
taining both chocolate and vanilla, to which Francis
would assign the given dollar amount.

a. $3.50 b. §2.50 c. $6.75
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25.

26.

CHAPTER 4  Fair Division

Three people must share weekday, weeknight, and
weekend time on a computer and decide to divide
the time fairly using the divide-and-choose method
for three players. Arnel will be the divider; Paula
and Marc will be the choosers. Arnel divides the
time into three plans: plan A, plan B, and plan C.
a. Suppose that Paula thinks plan A and plan C are
acceplable, while Marc thinks only plan A is
acceptable. Describe a fair division of the time
among Arnel, Paula, and Marc.

b. Suppose that Paula thinks plan B is acceptable,
while Marc thinks plan C is acceptable. Describe
a fair division of the time among Arnel, Paula,
and Marc.

¢. Suppose that Paula and Marc both think plan B is
the only acceptable plan. Describe how the play-
ers could create a fair division of the time among
Arnel, Paula, and Marc,

Three teenagers have access to the family car for a

few hours each week. The car is available before

school on some days, after school on some days,
and for a few hours on the weekend. Janice divides
the available time into what she believes are three
fair plans: plan I, plan II, and plan III. Jill and Jayce
judge the fairness of each plan.

a. Suppose that Jifl thinks plan I and plan I are ac-
ceptable, while Jayce thinks plan 111 is accept-
able. Describe a fair division of the time among
Tanice, Jill, and Jayce.

b. Suppose that both Jill and Jayce believe plans [
and I1 are acceptable. Describe a fair divisior of
the time among Janice, Jill, and Jayce.

¢. Suppose that both Jill and Jayce believe that plan
I is the only fair plan. Explain how the process
that leads to a fair division may cause Janice to
value her piece less than she values one of Jiil’s
or Jayce’s pieces.

27. A cell-phone company advertises a popular phone

plan. For $24.30, the user can have 1000 weekday

minutes, 1000 weeknight minutes, and 1000 week-

end minutes. Duane, Doreen, and Kaylee will divide
the minutes using the divide-and-choose method for
three players.

a. If Duane has no preference, and he values week-
day, weeknight, and weekend minutes equally,
then what monetary value would he place on
each set of minutes? What value would he re-
quire in order to consider a share of minutes to
be a fair share?

b. If Doreen’s weekday to weeknight to weekend
ratio is 5 to 3 to 1, then what monetary value
would she place on each set of minutes? What
value would she require in order to consider a
share of minutes to be a fair share?

c. If Kaylee’s weekday to weeknight to weekend
ratio is 2 to 3 to 1, then what monetary value
would she place on each set of minutes? What
value would she require in order to consider a
share of minutes to be a fair share?

d. Duane is the divider, and he creates the following
three plans:

Plan I: 500 weekday minutes, 200 weeknight
minutes, 300 weekend minutes

Plan II: 100 weekday minutes, 700 weeknight
minutes, 200 weekend minutes

Plan [1I: 400 weekday minutes, 100 weekmght
minutes, 500 weekend minutes

Determine the result of the divide-and-choose
method for three players.
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decide to move to another beach to collect shells the following table.

and other items each morning to sell in their shops.

The beach from which they collect is made up of

900 linear feet of sandy beach, 600 linear feet of

rocky beach, and 300 lincar feet of grassy beach.

a. What is the total value Sondra would place on
the entire beach, and what would be her fair-
share requirement?

b. What is the total value Lanie would place on the
entire beach, and what would be his fair-share

requirement? a. Who was the divider? Explain.

¢. What is the total value Elsa would place on the b. Determine which portions each player thinks are
entire beach, and what would be her fair-share fair.
requirement? ' ¢. Determine a fair division of the sandwich.

d. If Sondra is the divider and decides on the fol-
lowing options, determine the result of the
divide-and-choose method for three players.
Option I: 300 feet of sandy beach, 200 feet of
rocky beach, 100 feet of grassy beach

33. Three friends meet for dinner at an expensive restau-
rant, After the meal, the management gives them a
platter containing three complimentary desserts: a
12-ounce portion of pudding, a 12-ounce portion
of cobbler, and a 12-ounce portion of cheesecake.

Option II: 250 feet of sandy beach, 250 feet of Sharon values pudding to cobbler to cheesecake in a
rocky beach, 100 feet of grassy beach ratio of | to 2 to 3. Ally prefers cheesecake to either
Option IIT: 350 feet of sandy beach, 150 feet of of the other two desserts by a ratio of 1 to 1 to 3. Bev
rocky beach, 100 feet of grassy beach likes all the desserts equally well, for a 1-to-1-to-1
e. If Elsa is the divider and decides on the follow- ratio.
ing options, determine the result of the divide- a. What point value might each woman assign to
and-choose method for three players. 1 ounce of each dessert? Fill in the following
Option I: 400 feet of sandy beach, 150 feet of table with the point values that each woman §
rocky beach, 125 feet of grassy beach would place on each dessert. =

Pl Option II: 200 feet of sandy beach, 250 feet of
N rocky beach, 75 feet of grassy beach

R Option III: 300 feet of sandy beach, 200 feet of

gt L rocky beach, 100 feet of grassy beach

21. Consider the divide-and-choose method for three
players. Eric, Suzanne, and Janet will divide a giant
submarine sandwich that is part ham, part vegetar-
ian, and part tuna. The divider sliced the sandwich

into three portions; the point values placed on each . _
portion by the players are displayed in the following b. What total value would Sharon place on all the '
table. desserts? Determine a fair share based on her

values.

c. What total value would Ally place on all the
desserts? Determine a fair share based on her
values.

: d. What total value would Bev place on all the
Lo - desserts? Determine a fair share based on her .
values. :

_ e, If Bev is the divider and decides not to subdivide

a. Who was the divider? Explain. the desserts, but leaves the three desserts intact

b. Determine which portions each player thinks are on the three plates, then what is the result of
fair. applying the divide-and-choose method for three

¢. Determine a fair division of the sandwich. players?
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38.

39.

40.

CHAPTER 4  Fair Division

Cleo, Rita, and Leon will share a platter of Chinese

food. For each of the following scenarios, describe a

fair division of the platter of food using the last-

diminisher method.

a. Cleo serves a portion of the food. Rita makes no
changes. Leon removes a bit of food from the
portion and returns it to the platter.

b. Cleo serves a portion of the food. Rita makes no
changes. Leon makes no changes.

¢. Cleo serves a portion of the food. Rita removes
some food from the portion and returns it to the
platter. Leon makes no changes.

Using the last-diminisher method, four players will
divide a pie. Player 1 cuts a slice of pie that player 1
believes is valued at one-fourth of the entire pie.
Each player, in order, either will judge the piece ac-
ceptable or will cut it smaller. The results of the first
round are in the following table.

a. Which player keeps the piece of pie at the end of
the first round?

b. Player 1 begins the second round by cutting a
piece of pie. What value will player 1 put on the
piece cut?

c. If player 2 and player 4 then both trim the piece
of pie, who will keep the piece?

d. Who are the final two players, and how will they
divide the rest of the pie equitably?

Five people will divide a pizza using the last-dimin-

isher method. Player 1 begins by cutting a slice that

is valued at one-fifth of the value of the entire pizza.

a. If no player diminishes the piece cut by player 1,
“what happens?

b. In the second round, who will cut a piece of
pizza and what value will it have compared with
the pizza that 1s left?

¢. Ifin round two player 3 and player 5, in turn,
think the piece is too large and both trim it, what
happens?

d. Who s still participating in round 37 Who will cut
a piece of pizza? How will the rest of the pizza be
fairly divided if no player trims the pizza?

41.

Six people will use the last-diminisher method to di-
vide a cake. Player 1 will begin and will cut a piece
that is valued at one-sixth of the entire cake. Fach
player will decide, in turn, whether to trim the slice.
The following table lists the players who trim the
cake in each round.

42,

a. Which players are left after round 17

b. Who cut the piece of cake in round 37

¢. List the players who keep the slice in rounds 1, 2,
3, and 4. :

d. Who are the last two remaining players, and how
will they fairly divide the remaining cake?

Six people will use the last-diminisher method to di-
vide a cake. Player 1 will begin and will cut a piece
that is valued at one-sixth of the entire cake. Each
player will decide, in turn, whether to trim the slice.
The following table lists the players who trim the
cake in each round.

a. Which players are left after round 17
b. List the players who cut the slice in each round.
c. List the players who keep the slice in each round.

d. Who are the last two remaining players, and how
will they fairly divide the remaining cake?
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46. Terry, Sean, and Nora want 0 share a cake that is half &
fernon and half vanilla. Terry prefers lemon to vanilia
in a 3-to-1 ratio. Sean’s lemon-to-vanilla preference
ratio is 3 to 2. Nora values lemon over vanilla in a
ratio of 4 to 1. They will use the lone-chooser
method, and Nora will be the lone chooser. See prob-
lem 45 for details about the lone-chooser method.
a. Terry and Sean are the dividers. If Terry cuts the
cake mto the following portions, which portion
does Sean select?

Portion I Portion i1

Lemon

Vanilia

b. Terry and Sean are the dividers. 1f Sean cuts the
cake into the following portions, which portion
does Terry select?

Portion I Portion 1

Vanilla

¢. Verify that the portions all players end up with
from parts (a) and (b) are fair shares according to
their own values.

‘i‘ﬁ 47, The Washington State University Math Department

has created a website in which you can participate
in and learn about fair-division strategies. You will
find three interactive games at www.sci.wsu.edu/
math/Lessons/FairDivision.

a. In the Two-Person Lake Front Property game,
you are one of two people who want to divide a
continuous item. In this case, the item is prop-
erty. Play the two-person game several times.
Explain how to play the game and how to give
both yourself and the computer an acceptable
piece of land.

b. In the Divorce Settlement game, you and the
computer are divorcing. You must divide the
home, car, boat, and dog. There are photos of
these assets so you can decide how much you
value each item. Explain how to play the game
and describe a satisfactory division of the items.

¢. The Estate Division game allows for more than
two people. Explain how to play the game and
how to divide the estate faitly.

48.

49.

50.

Another interactive program on the Internet is “The
Fair Division Calculator,” created by Francis Su
from Harvey Mudd College. On this site, you will
find an explanation of “fair divisiori” and links to
papers and other references. The Fair Division
Calculator is interactive and allows the user to
practice fair-division strategies for dividing continu-
ous objects such as cake and undesirable items such
as chores. Visit the site at www.math.hme.edu/~su/
fairdivision/ or search keywords “fair division cal-
culator” Decide whether you would like to divide
“goods,” “burdens,” or “rent,” and practice the
method several times. In an essay, explain how the
method used led to a fair division. :

The Spratly Islands are a group of more than 230
islands and reefs in the South China Sea. China,
Taiwan, Vietnam, the Philippines, Malaysia, and
Brunei have made claim to all or part of the land
and surrounding water. Research the controversy
surrounding the Spratly Istands and write a report
sumnmarizing the problem and the fair-division
strategies that have been proposed to solve the
problem.

The ocean is rich in resources, and conflicts be-
tween couniries have arisen over pollntion, fish, and
the ocean floor’s resources. On November 1, 1967,
Malta’s Ambassador to the United Nations asked the
nations 1o focus on the escalating conflicts. It was
clear that a comprehensive treaty was needed for the
oceans, and thus the United Nations Convention on

the Law of the Sea was held. During the drafting of -

the Convention, some countries were opposed in
principle to a binding settlement to be decided by
third-party judges or arbitrators. They insisted that
issues could best be resolved by direct negotiations
between states without requiring them to bring in
outsiders. Research and write a report on how con-
flicts are settled over rights to ocean resources.
Also, sumumarize the history behind the use of
ocean resources. Many sources of information
about this topic are available on the Internet. Go to
www.un.org/depts/los/index.htm or search keywords
“Law of the Sea Convention.”




