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CHAPTER 5  Apportionment

Table 5.30

You, 72 4091 41 2 soes | oa
1.77
o 43.5

Your sister, 43.5 2472 25 77 =~ 24,58 25
' Y i ' 34.5

Your brother, 3451+ - 19.60 20 1777 19.49 19

Now the sum of the rounded modified quotas is 41 + 25 + 19 = 85, which is exactly
what we want, Thus, by Webster’s method, you would receive 41 coins, your sister 25,

and your brother 19.

Notice that under each of these methods you received 41 coins, so neither method
is more advantageous for you.

If you want the value of a fraction to increase while

. leaving the numerator alone, how must the denomi-

nator change?

. If you want the value of a fraction to decrease while

leaving the numerator alone, how must the denomi-
nator change?

. For each of the following pairs of fractions, insert

the symbol > or <C between the fractions to make a
true statement. Do not use your calculator,

500 500

6 7

7500 7500

37 37+ 1
2,345,674 2,345,674
357 + 2 357 + 1

. For each of the following pairs of fractions, insert

the symbol > or < between the fractions to make a
true statement. Do not use your calculator.

3440 3440
15 14
12,433 12,433

85 85+ 1
6,001,230 6,001,230
276 +3 276 +2

. While using Jefferson’s method, you realize that

modified quotas must be created that are larger than

‘the standard quotas. To accomplish this, you must

modify the divisor. How will the modified divisor
compare to the standard divisor?

. While using Jefferson’s method, you realize that

your choice of a modified divisor makes your modi-
fied quotas too large. Will your next choice of modi-
fied divisor be larger or smaller than the modified
divisor you just used? Explain.

Suppose Jefferson’s method is going to be used to

apportion 27 school board seats to 5 zones.

a. If the modified quotas have been determined to
be 6.97, 8.71, 4.65, 3.48, and 3.19, what should
your next step be?

b. If the modified quotas have been determined to
be 7.95, 9.93, 5.30, 3.97, and 3.64, what should
your next step be?

Suppose Jefferson’s method will be used to appor-

tion 60 shares of stock to 6 beneficiaries.

a. If the modified quotas have been determined to
be 7.55, 15.85,3.77,26.04, 4.91, and 5.28, what
should your next step be?

. If the modified quotas have been determined to
be 7.81, 16.41,3.91, 26.95, 5.08, and 5.47, what
should your next step be?
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318 CHAPTER 5  Apportionment

13. The faculty senate at Dartvard University decided to
reorganize in 2001. The new 30-seat senate would
be apportioned according to Jefferson’s method and
be based on enrollment in its five colleges. Appor-
tion the faculty senate according to Jefferson’s
method. Organize your wotk in a table.

Fine and Performing Arts .2540
Math and Physical Science ’ 3580
Engineering S 1410
Social Science s
Agriculture ol rs0.

14. Continuing from problem 13, the faculty senate at
Dartvard University reorganizes every 3 years.
Apportion the 30 seats in the 2004 faculty senate
according to Jefferson’s method and new 2004
enrollment figures. Organize your work in a table.

Fine and Pefformmg'Aftsl e 2930
Math and Physical Seience - | 3320
Engineering - : 201290
Social Science 2140
Agriculture L | 1010

Problems 15 and 16

The staie of Delaware is divided into three counties:
Kent, New Castle, and Sussex. The 2002 population
totals for each county and the area of each county are
given in the following table.

Kent 131069 | 590
NewCastle | ©512,370 | - = 426
Sussex 163,946 Lo ig3gs
Total 807,385 1954

Source: U.S. Census Bureau

15. Suppose the 2002 state budget allows for 360 state
police officers. How would the officers be appor-
tioned to the three Delaware counties if Jefferson’s
method is used and is based on population totals?

16. Suppose the 2002 state budget allows for 360 state
police officers. How would the officers be appor-
tioned to the three Delaware counties if Jefferson’s
method is used and is based on county area?

Problems 17 and 18

In 1791, Thomas Jefferson helped to convince President
George Washington to veto a bill that established a
120-member House of Representatives to be appor-
tioned using Hamilton’s method. When the House could
not override Washington’s veto, a new bill was passed
that established a 105-member House to be apportioned
using Jefferson’s method. I 1800, there were 141 seats
in the House. The following table contains apportion-
ment population totals for the states that were part of the
United States in the years 1790 and 1300.

Connecticut 236,841 250,622
Delaware -~ | .~ 55540 - | . 61,812
Georgia 70,835 138,807
Kentucky - 68,705 204,822
Maryland - 278,514 | 306,610
Massachusetts 475,327 574,564
New Hampshire | 141,822 183,855
New Jersey . -179,570. 206,181
New York .~ 331,589 - 577,805
North Catolina 1353523 424,785
Pennsylvania’ 432,879 | 601,863
Rhode Island - 68446 | 68970
South Carolina |-~ 206,236. = | 287,131
Ternessee | Nota state until 1796 | 100,169
Vermont™ 85,533 154,465
Virginia 630,560 - 47,362
Total | 315920 4,889,823

Source: Balinski and Young, Fair Representation Meeting the Ideal
of One Man, One Vote, 2nd Ed. Washington, DC: Brookings Insti-
tution Press, 2001.

17. Use the 1790 apportionment population totals and
Jefferson’s method to apportion the 105 House
seats.

18. Use the 1800 apportionment population totals and
Jefferson’s method to apportion the 141 House
seats.
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320 CHAPTER 5 Apportionment

Problems 29 through 32

The following table gives the populations in the five
counties of Hawaii in 1990 and in 2000.

Hawaii 120,317 148,677
Honolulu 836,231 876,156
Kalawao | - 130 S 147
Kanai 51,177 58,463
Maui 100,374 ©128,094
Total 1,108,229 - 1,211,537

Source: U.S. Census Burcau.

29. Suppose that in 1990 Hawaii decided to create a 50-
seat county advisory board. Use Jefferson’s method
to apportion the seats to the five counties.

30. In the year 2000, the seats on the advisory board
needed to be reapportioned because of the changes
in the population totals. Reapportion the seats using
Jefferson’s method to the five counties.

31. Repeat problem 29 using Webster’s method. Do Jef-
ferson’s method and Webster’s method yield differ-
ent apportionments?

32. Repeat problem 30 using Webster’s method. Do Jef-
ferson’s method and Webster’s method yield differ-
ent apportionments? '

Problems 33 through 36

While many different apportionment methods have been
devised and advocated, only four (Hamilton, Jefferson,
Webster, and Huntington—-Hill) have been implemented
with the U.S. House of Representatives. One method
was advocated in 1832 by John Quincy Adams, the sixth
president of the United States, and bears his name. In -
Adams’ method, also known as the method of smallest
divisors, a modified divisor is chosen so that all modified
quotas can be rounded upward and have a sum that
equals the number of seats to be apportioned; this is in
contrast to Jefferson’s method, in which all modified
quotas are rounded downward.

33. Use Adams’ method to apportion the 20 bottles of
wine from problem 11.

34. Use Adams’ method to apportion the 360 police
officers in problem 15.

35. Use Adams’ method to apportion the 105 House
seats in problem 17.

36. Consider the following statement. “Jefferson’s
method favors large states, while Adams’ method
favors small states.”” Use results from problems 11,
15, 17, 33, 34, and 35 and your knowledge of the
rounding techniques for both methods to provide
evidence that the statement is true.

Problems 37 through 40

In 1832, a professor at Dartmouth, James Dean, pro-
posed yet another apportionment method called Dean's
method. Dean’s method has never been used to appor-
tion seats for the House of Representatives. Nonetheless,
it has been a part of the apportionment debate in the

United States. Afier the 1990 reapportionment, Montana’
and Massachusetts challenged the constitutionality of
the Huntington—Hill method that has been used for
years. Faced with fosing one of its two House seats,
Montana favored Adams’ method or Dean’s method,
either of which would have allowed Montana to retain its
two seats but would have left Massachusetts with only
10 seats. Massachusetts suggested using Webster’s
method, which would have allocated 1 seats to
Massachusetts and 1 seat to Montana.

Dean’s method is a divisor method and uses the har-
monic mean of two numbers. For two whole numbers

a and b, the harmonic mean is . In Dean’s

a
method, also called the harmonic mean method, a modi-
fied divisor is chosen so that ali modified quotas can be
rounded upward or downward, and the resulting whole
numbers will add up to the number of seats to be appot-
tioned. If the modified quota is less than the harmonic
mean of the nearest whole numbers above and below the
modified quota, then round down; otherwise, round up.
For example, the modified quota 3.15 is between the
whole numbers 3 and 4, and the harmonic mean of

2(3)(4 24
()@ = — == 3.43, Because 3.15 is less
3+4 7

than 3.43, we round the modified quota down to 3.

3and 4 is

37. Use Dean’s method to apportion the 20 bottles of
wine in problem 11.

38. Use Dean’s method to apportion the 360 police offi-
cers in problem 15.

39. Use Dean’s method to apportion the 105 House
seats in problem 17.
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330 CHAPTER 5  Apportionment

3. Suppose when Oklahoma joined the United States,
it received its fair share of congressional seats, but
Maryland lost a seat to Virginia. Is this an example
of a paradox? If so, which paradox has occurred?
Explain.

4, Three survivors of a shipwreck apportion high-
calorie food tablets according to the person’s size.
Survivor 1 gets 6 tablets, survivor 1l gets 5 tablets,
and survivor III gets 7 tablets. Later, they find an-
other tablet and decide to reapportion the supply.

As a result of the reapportionment, Survivor [ gets

6 tablets, survivor IT gets 6 tablets, and survivor Il
gets 7 tablets. Is this an example of a paradox? If so,
which paradox has occurred? Explain.

5. Hamilton’s method, Jefferson’s method, or Webster’s
method was used to apportion representatives to the
five states listed in the following table.

A 23213 23
‘B 18565 19
C 11993 2
D 15.443 s

E 18.499 18

a, Which method was used? Explain.

b. Can you tell whether the quota rule was violated
in this apportionment? Explain.

6. Hamilton’s method, Jefferson’s method, or Webster’s
method was used to apportion representatives to the
five states listed in the following table.

A 23213 | - 23

B 18565 18

c 11993 11

D 15.443 s
B | I8 L8

a, Which method was used? Explain.

b. Can you telt whether the quota rule was violated
in this apportionment? Explain.

Problems 7 through 12

A country with three states has 24 seats in the national
assembly. The current populations of the states are as
follows:

Medina 530,000
Alvare 990,000
Loranne 2,240,000

7. a. Apportion the 24 assembly seats using Hamil-
ton’s method.

b. Suppose the national assembly voted to add a
seat. Reapportion the 25 assembly seats using
Hamilton’s method.

¢. Compare the apportionments from parts (a) and
(b). Explain what happened to the apportion-
ments. If a paradox arose, identify which one.

8. Suppose the national assembly has 26 seats.
a. Apportion the 26 assembly seats using Hamil-
ton’s method.
b. A seat is added to the assembly. Apportion the
27 seats using Hamilton’s method.

¢. Compare the apportionments from parts (a) and
{b). Explain what happened to the apportion-
ments. If a paradox arose, identify which one.

9. a. Apportion the original 24 seats of the national
assembly of the couniry using Jefferson’s
method.

b. Does the Alabama paradox arise under Jeffer-
son’s method when the number of seats is in-
creased from 24 to 257 Justify your answer,

¢. Does the Alabama paradox arise under Jeffer-
son’s method when the number of seats is in-
creased from 25 to 267 Jusiify your answer.

16. a. Apportion the original 24 seats of the national
assembly of the country using Webster’s method.

b. Does the Alabama paradox arise under Webster’s
method when the number of seats is increased
from 24 to 257 Justify your answer.

¢. Does the Alabama paradox arise under Webster’s
method when the number of seats is increased
from 25 to 267 Justify your answer.
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332 CHAPTER 5  Apportionment

22. Using Lowndes’ method, the apportionments based
on legislatures having 314, 315, and 316 seats are
provided in the following tabie.

North 8 | 8 | 90
South 43 43 43
West ' 66 67 67
East 116 116 116

Does the Alabama paradox occui? If it does, which
provinces benefit and which provinces lose under
each apportionment?

23. Using Jefferson’s method, the apportionments based
on legislatures having 314, 315, and 316 seats are
provided in the following table.

;- North- [ 89 90 290
CSouth |42 | a4 | 4
CWest [t 66 | 66| 67
 Bast 17 [ oou7r ooy

Does the Alabama paradox occur? If it does, which
provinces benefit and which provinces lose under
each apportionment?

24. Using Webster’s method, the apportionments based
on legislatures having 314, 315, and 316 seats are
provided in the following table.

Nomh | 89 | g9 89

South | 42 | a3 | 43
. West - 67 67 67

CBast | 116 | 16 | 117

Does the Alabama paradox occur? If it does, which
provinces benefit and which provinces lose under
each apportionment?

25. In order to manage the large numbers of stray ani-
mals in its cities, a state budgets money to hire 100
animal-control officers. The officers will be appor-
tioned to the cities according to their populations,
which are shown in the following table.

25,250

142,500
61,500
14,750

ololwm >

a. Apportion the officers according to Hamilton’s
method.

b. If City E, with a population of 49,440, wants to
be included, how many new officers should be
hired, based on the standard divisor in part (a)?

¢. Reapportion the officers to the five cities using
Hamilton’s method and the new, larger number of
animal-control officers determined in part (b).

d. Compare the apportionments from parts {a) and
(c). Explain what happened, and state which
paradox occurred, if any.

26. Repeat the previous problem using Lowndes’
method of apportionment.

Problems 27 through 32

The Republic of Freedonia has experienced growth in
every state over a 4-year period. Consider the following
population data for Freedonia.

A 1,320,000 1,370,000
B 1,515,000 1,565,000
c 4,935,000 5,035,000
D 1,118,000 - 1,218,000
E 1,112,000 1,212,000

27. Calculate the rate of increase for each state in
Freedonia using the formula

Percent increase =
new population — old population

X 100%
old population ’

28. List the states in order from smallest percent in-
crease to largest percent increase.
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334 CHAPTER 5  Apporticnment

Problems 45 through 50: Geometric Mean and
Huntington-Hill Method

The method currently being used to apportion the U.S.
House of Representatives is the Huntington—Hill
method, which has been the official apportionment
method since 1941, It is a variation of Webster’s method
but differs from it in that the decision to round a modi-
fied quota is based on whether the modified quota is less
than or greater than the geometric mean of the two
whole numbers immediately before and after it. The
geometric mean of two numbers differs from the arith-
metic mean, or “average” of the two numbers. The
geometric mean of two whole numbers, « and b, is
\/ab. Under the Huntington—Hill method, if the modi-
fied quota is greater than the geometric mean of the
whole numbers just above and below it, the modified
quota is rounded up to obtain the number of seats. If the
modified quota is less than the geometric mean of those
two numbers, it is rounded down.

For example, in applying the Huntington—Hill
method, suppose that the modified quota under consider-
ation is 4.475. The whole number less than 4.475 is 4,
and the whele number greater than 4.475 is 5. The geo-
metric mean of @ = 4 and b = 5 is Vab = V20 =
4.4721. Because 4.475 is greater than 4.4721, the modi-
fied quota is rounded up to 5. If the modified quota un-
der consideration had been 5.475, the geometric mean of
5 and 6 would have been V5 X 6 = 5.4772. In this
case, the modified quota would have been rounded down
to 3, since 5.475 < 5.4772.

45, a. The fractional part of the geometric mean of two
consecutive whole numbers will always be less
than 0.5. Check this for five pairs of consecutive
numbers.

b. The fractional part of the geometric mean of two
consecutive whole numbers will always be
greater than 0.41. Check this for five pairs of
consecutive numbers.

46. Use the Huntington—Hill method to find the appor-
tionment for-each state in a small country with four
states. The quotas for each state are as follows:

olo|w| >

47. Use the Huntington—Hill method to find the appor-
tionment for each state in a country with 3 states
and 40 seats in the legislature. The populations are
as follows:

A 581,500
B 846,711
C 1,022,600

48. Use the Huntington—Hill method to apportion the
435 1.S. House of Representative seats according
to the year 2000 census data from the Extended

Problems in section 5.2.

49. The first apportionment of the U.S. House of
Representatives was calculated using Jefferson’s
method. Use the information that follows to deter-
mine if the apportionment would have changed if
the Huntington—Hill method had been used instead.
The 1790 apportionment population totals are given
in problem 17 of section 5.2. Use the Huntington—
Hill method to reapportion the 105 house seats in
1790. Compare your results with those obtained un-
der Jefferson’s method in problem 17 of section 5.2
and those obtained under Hamilton’s method in
problem 15 of section 5.1. How are the apportion-
ments different?

50. A paradox of the Huntington—Hill method is that
two states can have quotas that differ by more than
1 yet have the same apportionment. Create an ap-
portienment example that illustrates this phenome-

noin.

473 51. There is currently a movement to discontinue the

- use of the Huntington—Hill method and revert to
Webster’s method. Investigate what arguments have
been presented to support Webster’s method cover the
Huntington—Hill method. According to H. Peyton
Young, the Huntington—Hill method has a “funda-
mental flaw.” What is that flaw? Research the con-
troversy surrounding these two apportionment
methods and write a report that summarizes your
findings. For information on the Internet, search

keywords “Balinski and Young.”

When and how was the population paradox discov-
ered? Research the population paradox and summa-
rize your findings in a report.

% 52,




